Open Journal of Science and Technology 1(1); 9-17

Open Journal of Science and Technology (OJST)
~ ISSN:

www.readersinsight.net/jei

A New View of Fuzzy Ordered Semigroups

Hidayat Ullah Khan'", Asghar Khan2, Faiz Muhammad Khan®, Amir Khan*, Muhammad Taj®

'Department of Mathematics, University of Malakand, Pakistan,

2Department of Mathematics, Abdul Wali Khan University Mardan, Pakistan
34Department of Mathematics and Statistics, University of Swat, Pakistan

*Department of Mathematics, University of Azad Jammu and Kashmir Muzaffarabad, Pakistan

* Corresponding author: hidayatullak@yahoo.com

Abstract

Fuzzy semigroup theory concentrates on theoretical aspects, but also includes applications in the areas of
fuzzy coding theory, fuzzy finite state machines, and fuzzy languages. In this paper, we introduce the

concept of an interval valued (@, 5) -fuzzy filter of an ordered semigroup S, where

a,ﬂ €isq.€vq,e /\q} with & HEAG Since the concept of an interval valued (s,.evq) -fuzzy filter is
an important and useful generalization of ordinary interval valued fuzzy filter, we discuss some fundamental
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aspects of an interval valued (e,e vq) -fuzzy filters. An interval valued (e,e Vq) -fuzzy filter is a
generalization of the existing concept of an interval valued fuzzy filter. We discuss the concept of an interval

valued (e.eva) -fuzzy left (right)-filters and provide some characterization theorems. Finally, we extend
the concept of an interval valued fuzzy subgroup with thresholds to the concept of an interval valued fuzzy

left (right)-filter with thresholds of .
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INTRODUCTION

The idea of a quasi-coincidence of a fuzzy point with a fuzzy set,
which is mentioned in (1, 2), played a vital role to generate some
different types of fuzzy subgroups. It is worth pointing out that Bhakat

and Das (see (1)) gave the concepts of (@.p) -fuzzy subgroups by

using the belongs to" relation ©) and quasi-coincident with" relation
(q) between a fuzzy point and a fuzzy subgroup, and introduced the

concept of an (e.€vq) -fuzzy subgroup. In particular, (e.eva)
fuzzy subgroup is an important and useful generalization of Rosenfeld's
fuzzy subgroup (26). It is now natural to investigate similar type of
generalizations of the existing fuzzy subsystems of other algebraic
structures. Mordeson et al. in (24) presented an up to date account of
fuzzy sub-semigroups and fuzzy ideals of a semigroup. The book
concentrates on theoretical aspects, but also includes applications in the
areas of fuzzy coding theory, fuzzy finite state machines, and fuzzy
languages. Basic results on fuzzy subsets, semigroups, codes, finite
state machines, and languages are reviewed and introduced, as well as
certain fuzzy ideals of a semigroup and advanced characterizations and
properties of fuzzy semigroups. With this objective in view, Kuroki
(20) introduced the notion of fuzzy bi-ideals in semigroups. Jun and
Song (see (11)) discussed general forms of fuzzy interior ideals in
semigroups, also see (15). Kazanci and Yamak introduced the concept
of a generalized fuzzy bi-ideal in semigroups (12) and gave some

properties of fuzzy bi-ideals in terms of (e.€vq) -fuzzy bi-ideals. Jun
et al. (see (9)) gave the concept of a generalized fuzzy bi-ideal in
ordered semigroups and characterized regular ordered semigroups in
terms of this notion. Davvaz et al. used the idea of generalized fuzzy
sets in several algebraic structures and introduced different generalized
fuzzy subsystems e.g., (see (3-8,16)). In (23), Ma et al. introduced the

concept of a generalized fuzzy filter of Ry -algebra and provided some
properties in terms of this notion, also see (22). Many other researchers
used the idea of generalized fuzzy sets and gave several
characterizations results in different branches of algebra see references.

The concept of a fuzzy filter in ordered semigroups was first
introduced by Kehayopulu and Tsingelis in (14), where some basic
properties of fuzzy filters and prime fuzzy ideals were discussed. In
1975, Zadeh (29) introduced the important concept of interval valued
fuzzy subset on which the values of the membership functions are
intervals of numbers instead of the numbers alone. In (30), Zeng and
Li gave a kind of method to describe the entropy of interval valued
fuzzy set based on its similarity measure and discussed their
relationship between the similarity measure and the entropy of the
interval valued fuzzy sets in detail.

In mathematics, an ordered semigroup is a semigroup together with
a partial order that is compatible with the semigroup operation. Ordered
semigroups have many applications in the theory of sequential
machines, formal languages, computer arithmetics, design of fast
address and error-correcting codes. A theory of fuzzy generalized sets
on ordered semigroups can be developed. Using the idea of a quasi-
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coincidence of a fuzzy point with a fuzzy set, the concept of an interval

valued (@.p) -fuzzy filter in an ordered semigroup is introduced.
Our aim in this paper is to introduce a new sort of an interval valued

fuzzy filters, called interval valued (@.p) -fuzzy filters and to study

interval valued (e,€vg) -fuzzy filters. To provide different
characterizations of filters of an ordered semigroups in terms of an

interval valued (e.€vq) -fuzzy filters. To extend our study of interval

valued (,€vq) -fuzzy left (right) and to investigate different
characterizations of left (right)-filters of an ordered semigroups in

terms of an interval valued (e,€vg) -fuzzy left (right) filters. Finally,
we introduce the concepts of an interval valued fuzzy left (right) filters
with thresholds.

Preliminaries

By an ordered semigroup (po-semigroup) we mean a structure
(S,-,<) in which the following properties are satisfied:

(OS1) (S,) is a semigroup,
(0S2) (S, is a poset,

(0S3) a<b—>ax<bxand xa<xbforal gpxeS§.
Ac S, we
(A]={teS|t<hforsomehe A}. If A={a},thenwewrite (g]
instead of ({a}]. For non-empty subsets A4,Bc S, we denote,

AB ={ab|ae A,be B}.
Let (S,,<) be an ordered semigroup. A nonempty subset 4 of

For a  non-empty  subset denote

S is called a subsemigroup of S if 42 c A

Definition 2.1. A non-empty subset F of an ordered semigroup
S is called a filter of § if it satisfies the following conditions:

(b)) (VbeS) (VaeF) a<b—>beF,

(b2) (Va,beS) abeF —>abeF,

(b3) (Va,beS) abeF —>a,beF.

F is called a left (right) filter of § if it satisfies conditions (b;),
(by) of Definition 2.1, and

(bs) (Va,beS) abeF »>acF (beF).

Now, we recall some interval valued fuzzy logic concepts.

The interval valued fuzzy subsets provide a more adequate
description of uncertainty than the traditional fuzzy subsets; it is
therefore important to use interval valued fuzzy subsets in applications.
In many practical applications, especially in fuzzy decision-making
problems, the membership functions of objects are very individual,
which are dependent on evaluation of experts in general and thus
cannot be lightly confirmed. For example, concerning the fuzzy
concept capability, there are three experts who give their evaluations to
that of someone as (.5, 0.56, and (.6, respectively. Clearly, it is
more practical and reasonable to evaluate someone's capability by an
interval valued data [0.5,0.6] than a certain single value. By an

interval number g we mean an interval [a—’a+] where

0<a <ag"<1. The set of all interval numbers is denoted by
D[0,1]. The interval [q,a] can be simply identified by the number

a €[0,1]. For the

G; =la; ,a; 1.b; =[b; b 1& DI0,0i e 1. we definc;
(Viel) rmax{@,b}=[max(q; ,b;).max(a; b )}
(Viel) rmin{d,b;}=[min(a; ,b;),min(a; b))}

rinfa; =[Aa;, Aa ) rsupa; =[va;,va)
iel iel iel iel

interval numbers

O

a+b =[a +b ,a +b);
la, b ,a —b'1, if a +b <a +b’
Y e +b,a +b ], if a +b >a +b,

i

S

2

4 <a,<a <a, anda <a;
a,=a, <a; =a, anda; =a;

a,<a, <a, <a, and a, # d,

ka; :[kal.‘,ka;“], whenever 0 <k <1.

Then, it is clear that (D[0,1],5,v,A) forms a complete lattice with
0 =[0,0] as its least element and 1=[1,1] as its greatest element.

One of the main applications of fuzzy subsets is fuzzy control, and
one of the most computationally intensive parts of fuzzy control is the
defuzzification. Since a transition to interval valued fuzzy subsets
usually increase the amount of computations, it is vitally important to
design faster algorithms for the corresponding defuzzification.

An interval valued fuzzy subset z;: X — D[0,1] of X is the set
f={xe X |(x[u (x),4" (x)]) € D[O,1]} where 4;~and 4" are
two fuzzy subset such that u(x)< ,u+(x) forall x e X.Let 1 be
an interval valued fuzzy subset of X . Then for every [0,0] < < [L1]
, the crisp set ﬁ? ={xeX| ﬁ(x) > tN} is called the level set of 7.

We refer the reader to (18) for more details on operations on two
interval-valued fuzzy sets of X .
Note that since every g [0,1] is in correspondence with the

interval [a,a] e D[0,1], hence a fuzzy set is a particular case of the
interval valued fuzzy sets.

For  any define

p=[u,p landt =t 7], we
H(X)+1 =[p~ (x)+1 , 1" (x)+¢ "] forall x e X.In particular, if
1o (x)+t >1and g (x)+¢ >1, wewrite fi(x)+7 >[1,1]-

Definition 2.2. An interval valued fuzzy subset 7 of an ordered
semigroup (S,-,<) is called an interval valued fuzzy filter of §' if it
satisfies the following conditions:

(bs) (Vx,yeS) x<y— u(x)<u(y)

(be) (Vx,y € 8) pi(xy) = rmin{z(x), u(y)}-

(b)) (Vx,y €8) rmin{zi(x), f1(y)} = f(xy)-

1 is called an interval valued fuzzy left (right) filter of S if it
satisfies condition (bs) of Definition 2.2 and the following condition:

(bs) (Vxe,y € 8) pa(xy) = pa(x) Cpa(xy) = p(y))-

The proof of the following theorem directly follows from the
definition so is omitted.

Theorem 2.3. An interval valued fuzzy subset gz of § is an

interval valued fuzzy filter of § if and only if each non-empty level
subset ﬁ?’ forall 7 e D(0,1] is a filter of §, respectively.
S={a,b,c,d,e, f} be a set with the

following order relation " <" and multiplication as given in Table (1)
and:

Example 2.4. Let

<={(a,0),(b,b),(c,c),(d,d).(e;e),(f, [), (a,d),(a,e),(d,e),(], /) (b,e),(c, ). (c,e),(f )}

Table: 1
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al|blcl|d|e|f
ala|b|b|d|e|f
b|b|b|b|b|b|b
c|b|b|b|b|b|b
d|d|b|b|d|e|f
ele|flflelelf
SN LSS

Then (§,.,<) is an ordered semigroup (see (17]). Here the filters
of § are {g,d,e} and S. Define an interval valued fuzzy subset
1:S —[0,1] by

i) a b c d e
X)=
" [0.6,0.66] [0.4,0.5] [0.3,0.4] [0.7,0.76] [0.8,0.:
’ then

S if  [0,0]<7 <[0.3,0.4]

H(x)=1{a,d,e} if [0.5,0.5]< 7< [0.6,0.66]
@ if [08,0.8] < 7< [1,1]
Then y is an interval valued fuzzy filter of § for all e D(0,1]

An interval valued fuzzy subset ;i of an ordered semigroup
(S,,<) of the form

BN [ (XN
BI7U 1001, i yex

is called an interval valued fuzzy point with support x and interval

value 7 e D[0,1] and is denoted by X7 For an interval valued fuzzy
subset g7 of §, we say that an interval valued fuzzy point X7 is
(bo)contained in 77, denoted by x- e fz,if [i(x)> 7.
(bo)
H(x)+1 >[L1]-
(bin)
b))  x;au if
aefe,q,evq,enq}-
Let S be an ordered semigroup and ¢ 4 < S. Then an

quasi-coincident with 77, denoted by x;qﬁ, if

x; evqpl,if x; e pior x-qii.

does not hold for

x;a,u

interval valued characteristic function ;? 428 —> D[0,1] of A is

define by
7 (L1, i xeA4,
X)=
70,01 i xed

Clearly, a non-empty subset 4 of § is a filter if and only if
7 y is an interval valued fuzzy filter of S'.

Interval valued ( %7 )-fuzzy filters

In what follows let S denote an ordered semigroup, where, «,
S denote any one of €, g, evq, or € Aq unless otherwise
specified.

Theorem 3.1. Let ;7 be an interval valued fuzzy subset of §.

Then ﬁ? is an interval valued filter of S forall 7 e D(0.5,1] ifand
only if 7 satisfies the following conditions:

(¢) (Vx,ye8) rmax{u(y),[0.5,0.5]}> z(x) with x<y,

(c2) (Vx,y € S) rmax{u(xy),[0.5,0.5]} = rmin{u(x), 1(y)}

(c3) (Vx,y € S) rmax{u(x),(y),[0.5,0.5]} > i(xy)

Proof. Assume that ﬁ? £¢ is an interval valued filter of § for

all 7 e D(0.5,1]- If there exist x,ye S with x <y such that the
condition (c;) is not wvalid, that s,
(x,y €8,x < y) rmax{£(),[0.5,0.5]} < () =7 -
Then 7 e D(0.5,1], x e ﬁ? but '€ ﬁ?’ a contradiction. Hence
such that
Then

there  exist

condition (cl) is valid. If there exist x,yeS§

rmax {£(xy),[0.5,0.5]} < rmin{z(x),Z(y)} =5 -
s €D(0.5,1]and x,y e gz but xy € i, a contradiction. Hence
condition (c2) is valid. Also if there exist x,ye S such that
rmax{(x), 11(»),[0.5,0.5]} < fi(xy)=7 - Then 7 e D(0.5,1],
xye ﬁ7 but x€ ﬁ7, ye ﬁ? again a contradiction. Hence
condition (c3) is also valid.

Conversely, suppose that ; satisfies conditions (c1), (c2) and (c3).

Let x,yeS, x<y be such that x e [z for some T € D(0.5,1]
Zi(x)>tand by (c1)
rmax {71(»),[0.5,0.5]} > 71(x) > 7 >[0.5,0.5]. It follows that
fi(y)>71thatis ye e

then condition we have

For X,y € ﬁ? and by (c2) we get
rmax {f(xy),[0.5,0.5]} > rmin{ z(x), Z(y)} >  >[0.5,0.5]
follows that 7(xy)>7-

For xy e ﬁ?, we have by (c3)

rmax {i(x), fi().[0.5,0.5]} > fi(xy) > 7 >[0.5,0.5] and hence
H(x)>1, f(y)>rit follows that x,ye iz Thus [z~ is an
interval valued filter of § forall 7 e D(0.5,1]-

The Conditions (c) to (c3) of Definition 2.2, are equivalent to the
following definition.

Definition 3.2. An interval valued fuzzy subset zi of an ordered
semigroup § is called an interval valued (g, €)-fuzzy filter of § if it
satisfies:

(cs) (Vx,yeS) (VY e D(0,1]) x < V., X7 € il = y; € >

(cs) (Vx,y€S) (V7,7 € D(0,1])
X; € [Lyy € > (D), ming7, 7} € o

(co) (Vx,yeS)

(X0); € L —>x; € l,y7 € -

(V1 € D(0,1])

From Definition 3.3, we have the following theorem:
Theorem 3.3. An interval valued fuzzy subset ;7 of § is an

interval valued fuzzy filter of §' if and only if it satisfies the conditions
(c4), (cs) and (ce) of Definition 3.2.
Proof. It is straightforward.

Note that if 7 is an interval valued fuzzy subset §, defined
by 7i(x) <[0.5,0.5] forall x e §, then the set, {x; | x; € AQU} is
empty. Therefore, the case when @ =e Aq is omitted in Definition
3.4.

Definition 3.4. An interval valued fuzzy subset z; of § is called
an (a,f)-fuzzy filter of §, where ¢ #e Ag, if it satisfies the
following conditions

Copyright © 2018 Authors. This is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted use, distribution,
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(c7) (Vx,ye8S) (VY eD(0,1]) x < V. xzol — y; B
(cs) (Vx,y€S) (V1,7 € D(0,1])
X Ol Yy ofl —> (xy)rmm{?j}ﬂﬁ’

(c9) (Vx,yeS) (V7 € D(0,1]) (xv); ol = x; i, y; Bt
Theorem 3.5. Let 7 be anon-zero interval valued (o, ) -fuzzy

filter of S'. Then the set /-‘[0 0= {xeX| ﬁ(x) >[0,0]} is a filter of

S.

Proof. If x,yeS, x<y and x E;‘[O,O]’ then /Nl(x) >[0,0]-
Assume that ﬂ(y) =[0,0] and « € {€,e vq}, then xﬁ(x)aﬁ but
Vi) P forevery fe{e,qevq,e q} acontradiction. Note that
X;pqe  but x[m]ﬁﬁ for every pe{e,qevqg,eng; a
contradiction. Hence ﬂ(y) >[0,0] that is xe /7[0,0]' Now if
X,y € :LNl[O,O]’ then ﬁ(x) >[0,0] and ﬁ(y) >[0,0]- Assume that
H(xy)=[0,0]and let & € {€,e vq}, then xﬁ(x)aﬁ and yﬁ(y)aﬁ
but (xy)rmin{ﬁ(x),ﬁ(y)}ﬁﬁ for every fe{e,qevq,eng}, a
Note  that x[1,1]CI/7 y[l,l]qﬁ but

D) mingpay g = () B forevery fele,qevq,enq},a
contradiction. Hence /7(xy) >[0,0], it follows that xy e ,LNI[() e Let

contradiction. and

Xy € ,LNI[O, Nk then z7(xy) >[0,0] and assume that 77(x) =[0,0] or
A =10,0] (D)ol b0t
() zi(x) pii or (y)ﬂ(y)Bﬁ for every fele,qevq,eng}, a
contradiction. Note that (xy)[l’l]qﬁ but (x)[l,l]ﬂﬁ or (y)[l,l]ﬂﬁ
every fle{e,qevq,enq}, a contradiction.
A()>[0,0] and Fi(x)>[0,0] S0 xeFoo M yEFoqp
Therefore, ﬁ[o, 0] is a filter of §.

and o e{eevq}, then

for Hence

Interval valued (S€VQ fuzzy filters

Now, we introduce the concept of an interval valued (e,evq)-

fuzzy filters in ordered semigroups and characterize filters of ordered
semigroups in terms of interval valued (g,e vq)-fuzzy filters.

Definition 4.1. An interval valued fuzzy subset z; of § is called
an interval valued (g,evq)-fuzzy filter of § if it satisfies the
following conditions:

(d) (Vx,yeS) (Vf € D(0,1]) x< y,x; € i —> y; € Vqlis

(d) (Vx,y€S) (V1,7 € D(0,1])

X; € [, Yy € i —> (xy)rmin{?j} SV

(d3) (vx:y € S)

(Xp); € L —> X7 €Vqil, y; €VQU-

Example 4.2. Consider the ordered semigroup as given in

(V1 € D(0,1])

Example 2.4, and define an interval valued fuzzy subset zi by

N a b c d e
H(x) :[
[0.6,0.7] [0.3,0.4] [0.5,0.6] [0.7,0.8] [0.8,0.9]

Then f; is an interval valued (g,e vq)-fuzzy filter of §. But

O

(i) g is not an interval valued (g,e)-fuzzy filter of S, since

and but

d[0.68,0.78] en C10.38,0.48] € i

(dE),min110.68,0.781[0.38,0.48]; = Pr038,048) € H-
(ii) g is not an interval valued (q, e)-fuzzy filter of S, since

dj0.78,0.88194 Si0.88.0.89194 but

() mini0.78,0.881088.0.897; = S[0.78,0.88] € K-
(iii) g is not an interval valued (g, q)-fuzzy filter of §, since

Jr038,0448] € 1 but

(af )rmin{[0.58,0.68],[0.38,0.48]} :f[0.38,0.48]q,Zi'
Theorem 4.3. An interval valued fuzzy subset gz of § is an

and

a10.58,0.68] € u and

interval valued (g e vq)-fuzzy filter of § if and only if it satisfies

the following conditions:

(ds) (Vx,y€S) u(y)zrmin{z(x),[0.5,0.5]} with x <y,

(@) (Vx,y € S) Fi(w) = rmin{G(x), f@(»).[0.5,0.5]}

(de) (Vx,y € S) rmin{z(x),1(y)} > rmin{z(xy),[0.5,0.5]}-

Proof. Let 17 be an (g,ev(q)-fuzzy filter and x,y e S,x< y.
I p(x) =[0,0]; H(y) 2 rmin{z(x),[0.5,0.5]}-  Let
ﬁ( x) #[0,0] assume on contrary that
2(y) < rmin{z1(x),[0.5,0.5]}- Choose 7 e D(0,1] such that
()< 1< rmin{z(x),[0.5,0.5]}- If 7i(x) <[0.5,0.5], then
J(y)<7<Ji(x) and so x; efi but y; €F and y G
contradiction. If /Nl(x) >[0.5,0.5] then ﬁ(y) <[0.5,0.5] and so
X[0.5,0.5] € 4 but V05,05 € 4 and J/[o.s,o.S]C_Iﬂ’ again  a
contradiction. Hence ﬁ(y) > rmin{ﬁ(x),[O.S,O.S]} for all x,y
with x < y.Let x,ye S andif /Nl(x) =[0,0] or ﬁ(y) =[0,0], then
p(xy) 2 rmin{z(x), 14(»),[0.5,0.5]} Let  n(x)#[0,0];
ﬁ( ) #[0,0] and assume on contrary that
(xy) <rmin{z(x), 1(»),[0.5,0.5]}. Choose e D(0,1] such

then

and

that H(x) <5 < rmin{fi(x), f@(»).0.5,0.51} if
rmin{z(x),(y)} <[0.5,0.5], then
fi(xy) <¥ <rmin{fi(x). i(y)} follows that xo ycefi but
(w); € 7, and (xy)gqﬁ, a contradiction. Let

rmin{z(x),z(y)} >[0.5,0.5], then 7i(xy) <[0.5,0.5]- It follows
that X[0.5,05] € > V05,05 € 4 but (o505 € 4 and

(X.V)[o. 50. 5]C_l/~l’ again a contradiction. Hence
A(o) 2 rmin{fi(x), A(y),[05,0.5]} for all xyeSs. For
x,yeSs, if ﬁ(xy) =[0,0], then
rmin {72(x), f(y)} 2 rmin{Z(0),0.5,0.51}- Let Zi(xy) %[0,0]
and assume on contrary that
rnnn{ﬁ(x),ﬁ(y)}<rmln{ﬁ(xy),[05,05]} Choose
7 € D(0,1] such that

£(xy) <[0.5,0.5] » then rmin {zi(x), fi(y)} <7 < ii(xy) and so
(); € 4 but Xy € 4 and Vi € 1, a contradiction. If
1i()>[0.5,0.5] then rmin{fi(x), (1)} <[0.5,0.5] and so
(05,05 €4 Ut Xj05.05) € L Xj05,0594209 yig5.05 € Mo

Copyright © 2018 Authors. This is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted use, distribution,
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again a contradiction. Hence

)’[0.5,0.5]5]!7’

rmin{zi(x), 1(y)} > rmin{z(xy),[0.5,0.5] }orall x,yeS.
Conversely, let x,yeS, x<y and X; € ﬁ for some

e D(0,1], then ﬁ(x) > 7 . By hypothesis we have;
H(y) = rmin{u(x),[0.5,0.5]}
> rmin{7,[0.5,0.5]}
f, if 1 <[0.5,0.5],
- {[0.5,0.5], if 7>[0.5,05],
It follows that z7(y)>7or f(y)+f >[L1]. ie. x; evqii -
Let x,yeS and 7,7 e D(0,1] be such that x.,y; i Then
H(x) 21, () =7 (ds)
Zi(xy) = rmin{ fi(x), 7(1),[0.5,0.5]}= rmin{7 ,7,[0.5,0.5]}. If
rmin{7,7}<[0.5,0.5], then fi(xy)>rmin{7,7} follows that
CVymingr.y €4 I rmin{7,7}>[0.5,0.5];
Zi(xy)+rmin{7,7} >[0.5,0.5]+[0.5,0.5] =[L,1]
(xy)rmin{?i}qﬁ' Hence (xy)rmin{?i} evqu- For x,ye S, and
(xy); e t eD(0,1]. Then by (d6)
rmin{7i(x), 71(y)} > rmin{ 7i(xy),[0.5,0.5]} > rmin{7,[0.5,0.5]}
f 7<[0.5,0.5] then rmin{fi(x), ()} 27 andso x;,y; € .
If 7 >[0.5,0.5]
rmin{fi(x), Z(y)} +7 >[0.5,0.5]+[0.5,0.5] =[1,1]
A(x)+7 >[L1] and  g(y)+7 >[1,1], follows that x-qz and

and S0 by

then

and SO

for some

then
that s,

y;qﬁ . Therefore x; € vqu and V7 € vqu- Consequently, 77 is
an interval valued (g,e vq)-fuzzy filter of §.

Remark 4.4.  An interval valued fuzzy subset 7 of an ordered
semigroup S is an interval valued (e, vq)-fuzzy filter of § if and

only if it satisfies conditions (ds), (ds) and (de) of Theorem 4.3.
Remark 4.5. By Remark 4.4, every interval valued fuzzy filter
of an ordered semigroup S is an interval valued (g, e vq) -fuzzy filter

of §. However, the converse is not true, in general.
Example 4.6. Consider the ordered semigroup as given in
Example 2.4, and define an interval valued fuzzy subset z; as follows:

N a b c d e
H(x) =
[0.6,0.7] [0.3,0.4] [0.5,0.6] [0.7,0.8] [0.8,0.9]
Then g is an interval valued (g,e vq)-fuzzy filter of S. But g
is not an interval valued (q,f)-fuzzy filter of §, where
ae {E, q, € Vq} and

Example 4.2.
Using Theorem 4.3, we have the following characterization of
fuzzy filters of ordered semigroups.

Theorem4.7. Let (S,,<) be an ordered semigroup and
¢#Ac S . Then /4 isafilter of § if and only if the characteristic
function % y of A isaninterval valued (g,e vq)-fuzzy filter of §.

pBele q,,evq,enq}, as shown in

Theorem 4.8. Let A4 beafilterof § and i is an interval valued
fuzzy subset of § such that

i >10.5,0.5],
A1 0,01,
Then,

if xeA,
if xeS\A

(a) g is an interval valued (q, e vq)-fuzzy filter of §.

(b) g is an interval valued (g, € vq)-fuzzy filter of §.

Proof (a). Let x,yeS, x<y and 7 e D(0,1] be such that
xiqﬁ' Then xe A4 implies yed. If
7 <[0.5,0.5] then z(y)>[0.5,0.5]>7and so y.epn. If
7 >[0.5,0.5] then i(y)+7 >[0.5,0.5]+[0.5,0.5]=[1,1] and

y>qii-Hence y- evqpi-Let x,ye S and t,7 € D(0,1] besuch

and y>xeAd

that quﬁ and y7qﬁ. Then x,yeAd and so xyed. If
rmin{7,7} <[0.5,0.5], then zi(xy)>[0.5,0.5] > rmin{?,?} and
O ()i € 1 rmin{7, 7} >[0.5,0.5]
Zi(xy)+rmin{f,7} >[0.5,0.5]+[0.5,0.5]=[L1]
(xy)rmin{?f}qﬁ' Hence (xy)rmin{?,F} quﬁ- For x,ye S and
(xy);qﬁ for some 7 € D(0,1] we have xye A then x,ye 4.1If
7 <[0.5,0.5] then rmin{zi(x), Z(y)} >[0.5,0.5]>7 follows that
f(x)=7 and [(y)27. Hence x;epn and y;epn. If
t >[0.5,0.5]

rmin{z1(x), 4(y)}+¢ >[0.5,0.5]+[0.5,0.5]1=[1,1]
f(x)+7 >[1,1] and zi(y)+7 >[1,1]. it follows that x.q and
y?qﬁ. Hence x; € \/qﬁ and V7 evqﬁ-

(b) Let x,ye S, x<y and 7 e D(0,1] be such that Xy € li-
Then yed. If 7<[0.5,0.5] then
[(y)2[0.5,0.5]127 and so y.ep. If 7>[0.50.5] then
A(y)+1 >[0.5,0.5]+[0.5,0.5]=[1,1] Vrqu-
vy evqu- Let x,yeS and 7,7 e D(0,1] be such that x- e 1z

then

and SO

then
that is

xe A and we have

and Hence,

and Vs eﬁ- Then and we have
rmin{?,?} <[0.5,0.5]

follows that (xp)

xyed. If
Zi(xy) >[0.5,0.5] > rmin{7 7}
rmingr 7y € A I rmin{7,7}>[0.5,0.5] then
Zi(xy)+rmin{z,7} >[0.5,0.5]+[0.5,0.5] =[L,1]
(xy)rmin{?,F}qﬂ' Hence (xy)rmin{?,?} e\/qﬁ. For x,ye S and
(XJ’)T = ﬁ for some 7 e D(0,1] we have xye 4 then x,ye 4.1f
7 <[0.5,0.5] then »min{zi(x),2(y)} =[0.5,0.5]>7 follows that
Zi(x)>7 and Ji(y)>7. Hence x;eu and y.epn. If
t >[0.5,0.5]

rmin{fi(x), Z(y)}+7 >[0.5,0.5]+[0.5,0.5]1=[1,1]
f(x)+7 >[L1] and zi(y)+7 >[L1]. it follows that x.q and

y-qi-Hence x; e vqp and y. evqii-
From Example 4.2, we see that an interval valued (e, € vq) -fuzzy

x,ye A
then

and SO

then
that is

filter of § may not be an interval valued (q, € vq)-fuzzy filter of §

(see Example 4.2 (ii)).
In the following theorem we give a condition for an interval valued
(&, € vq) -fuzzy filter to be an interval valued (g,€) -fuzzy filter of

S.
Theorem 4.9. Let ;i be an interval valued (g, e vq)-fuzzy

filter of S such that ﬁ(x) <[0.5,0.5] for all x e §. Then M is an
interval valued (s, e)-fuzzy filter of §'.

Copyright © 2018 Authors. This is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted use, distribution,
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Proof. Let x,yeS, x<y and x. e zi forsome 7 e D(0,1]-
Then f7(x)>7 and by (ds)

H(y) = rmin{u(x),[0.5,0.5]}

> rmin{¢,[0.5,0.5]}
=7.

Hence y; € ﬁ

Let x,yeS and 7,7 e D(0,1] be such that x> e and
y» € ui- Then fi(x) > 7 and 1i(y) > 7 and so by (ds)

H(xy) 2 rmin{u(x), 4(y),[0.5,0.5]}

=rmin{z(x), ()}
> rmin{t,7}.

Hence (xy)rmin{T,?} e u

Now, let x,y e S and 7 e D(0,1] be such that (xp); € ji- Then
Zi(xy) > 1 and so by (de)

rmin{z(x), 4(y)} = rmin{zi(xy),[0.5,0.5]}

= u(xy)
>t.

Hence, X; € ﬁ and V5 € /7

Theorem 4.10. An interval valued fuzzy subset 17 of § is an
interval valued (g, evq)-fuzzy filter of § if and only if the set
ﬁ? ={xeX|ux) >tN} is a filter of § for all
[0,0]< 7 <[0.5,0.5]-

Proof. Assume that ;7 is an interval valued (g, e vq)-fuzzy
filter of . Let x,ye S, x<y andlet [0,0]<7 <[0.5,0.5] be
such that x e iz Then fi(x) > t and it follows from Theorem 4.3
(d4) that

H(y) = rmin{i(x),[0.5,0.5]}

> rmin{t,[0.5,0.5]}
=7,

and so y e fi;. Let x,y e i, for some [0,0]<  <[0.5,0.5]-
Then fi(x)>7 and Ji(y)>7 . From Theorem 4.3 (ds) it follows that

A(xy) 2 rmin{z(x), 4(y),[0.5,0.5]}

> rmin{7,[0.5,0.5]}
=7,
and  so

Now, let some

Xy € ly- xy e p  for
[0,0]< 7 <[0.5,0.5]. Then fi(xy)>7 and so by (d), we have
rmin{z(x), 4(y)} = rmin{z(xy),[0.5,0.5]}
> rmin{7,[0.5,0.5]}
>7,
ie, fi(x)>7 and [i(y)>7.Itfollows that x,y e e
[0,0]<7 <[0.5,0.5] the set
1 ={xe X | i(x) >7} is a filter of §. If there exist x,ye S,
x <y suchthat 77(y)<rmin{z(x),[0.5,0.5]}, then we can choose
[0,0] <7 <[0.5,0.5] such that 7i(y) <7 <rmin{z(x),[0.5,0.5]}
, then yE i A
1(y) = rmin{z(x),[0.5,0.5]} forall x,y €S with x < y.Ifthere

Conversely, let for all

X €y but contradiction. Hence

exist x,y € S such that fi(xy) < rmin {7i(x), 7().[0.5,0.5]}- We
[0,0] <5 <[0.5,0.5] such that
A(y) <5 <rmin{gi(x), 4(),[0.5,0.5]}- Then x,y ez but
xy € ﬁ;, a contradiction. Hence
Fi(xv) 2 Fmin (), F().00.5,0.5]} for all x,y e §. Finally, if
x,yes such that
rmin{zi(x), 4(y)} <rmin{z(x),[0.5,0.5]}
rmin{z(x), 4(y)} <7 <rmin{z(xy),[0.5,0.5]}  for
[0,0] <7 <[0.5,0.5]- Thus xy € gz but x,y € g Since fz is
a filter of §, and Xy € ﬁ7 then y, ye /77’ a contradiction. Hence
rmin{zi(x), 4(y)} 2 rmin{z(x),[0.5,0.5]} forall x,ye§.

For any interval valued fuzzy subset [ of an ordered

can choose

there exist
then

some

semigroup S and 7 e D(0,1], we consider the following two subsets

O(:7) = {x eS| x;qiiy and [fi]; = {x e S| x; € v}

Itis clear that [7], = [z uo(I; 1)

Theorem 4.11. An interval valued fuzzy subset ;7 of § is an
interval valued (g, € vq)-fuzzy filter of § if and only if [/'N’]T (=9)
is a filter of § forall [0,0]<7 <[1,1]-

Proof. Assume that z7 is an interval valued (g, e vq)-fuzzy
filter of S and let [0,0] <t~§[1,1] be such that [ﬁ]7(¢ @) Let
x,yeS, x<yand xe[u]; Then fi(x)>7 or [i(x)+1 >[L1]
.Since i is an interval valued (g, € vq)-fuzzy filterand x < y, we
have by (d4) 71(y) > rmin{u(x),[0.5,0.5]}-

(). If A(x)>1 and t >[0.5,0.5];
2i(y) > rmin{1(x),[0.5,0.5]} > »min{7,[0.5,0.5]} =[0.5,0.5]
and so gi(y)+1¢ >[0.5,0.5]+[0.5,0.5] =[1,1]. Hence yrqu ie.,
ye Q1) c[al; If 7<[0.5,0.5]
Z(y) > rmin{fi(x),[0.5,0.5]} > rmin{7,[0.5,0.5]} =7 and so
yy epies yepy <l

(ii).If Z7(x)+7 >[1,1]and 7 >[0.5,0.5], then

H(y) = rmin{z(x),[0.5,0.5]}

> rmin{[1,1]-¢,[0.5,0.5]}
=[L1]-7,

that is  f(y)+7 >[1,1] and
y e Q1) [l If 7 <[0.5,0.5, then

4(y) = rmin{z(x),[0.5,0.5]}

>rmin{[1,1]-¢,[0.5,0.5]}
=[0.5,0.5]>7,

and so y; € ﬁ, hence ye ﬁ? c [ﬁ]T Thus in both cases, we
have ye [ﬁ]?

If X,y € [ﬁ]?, then

then

then

hence

H(x)>t or Ji(x)+f >[1,1] and
() =1 or fi(y)+1 >[1,1]- We consider the following four cases:
() f(x)>7 and f(y)>7,
(i) z(x)>7 and f(y)+1 >[L1],
(i) gZ(x)+7 >[1,1]and f2(y)>7,
(iv) 1(x)+7 >[L,1]and g(y)+7 >[1,1]-

Copyright © 2018 Authors. This is an open access article distributed under the Creative Commons Attribution License, which permits unrestricted use, distribution,
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Using Case (i) in Theorem 4.3 (ds) we have;
H(xy) 2 rmin{z(x), 1(»),[0.5,0.5]}

>rmin{z,[0.5,0.5]}
_{[0.5,0.5], if 7>[0.5,0.5],
t, if 1 <[0.5,0.5],
and so Ji(xy)+7 >[0.5,0.5]+[0.5,0.5]=[1,1] or fi(xy)>7.
Therefore xy € /i U O(7) =[]
(ii), that 7 >[0.5,0.5],
[1,1]-7 <[0.5,0.5] If »min{z(»),[0.5,0.5]} < fi(x) then by
(d5)
A(xy) Z rmin{z(x), 1(),[0.5,0.5]}= rmin{z(y),[0.5,0.5]} > [1,
, and if rmin{i(y),[0.5,0.5]} > fi(x) then [i(xy)> fi(x)> 1

T
r

For  Case assume then

Hence  xye uO(ii;t) = [u]  for t>[0.5,05] If
t <[0.5,0.5]; then [1,1]-7 >[0.5,0.5]- If
rmin{fi(x),[0.5,0.5]} < zi(y),  then  then by  (ds)

H(xy) = rmin{zi(x), (y),[0.5,0.5]}> r min{ zi(x),[0.5,0.5]} > t
5 and if rmin{(x),[0.5,0.5]} > z(y)- then
H(w)z g2 [L1-7- Thus  xye i OO(i;1) =[f]; for
< [0.5,0.5]- For the case (iii), we have same discussion as in case
(ii). For case (iv), if 7 >[0.5,0.5] then [1,1]—7 <[0.5,0.5] and by
(ds) we have
Fi(xy) = rmin {72(x), 7(7).[0.5,0.51}

~ { [0.5,0.5]>[1,1]-7, i rmin{(x),7Z(y

rmin{z(x), 2(y)} >[L1]=7, i rmin{z(x),7(y,

and  so xyeQ(ﬁ;?)g[ﬁ]T. If  7<[0.5,0.5], then
[1,1]-7 >[0.5,0.5] Thus
A(xy) 2 rmin{z(x), 4(y),[0.5,0.5]}
[0.5,0.5]1>7, if  rmin{z(x), 1y’

B {Vmin{ﬁ(X),ﬁ(y)} >[L=7, if  rmin{Z(x), 4y,
which implies that xy e ﬁ? UQ(ﬂ,tN) = [ﬁk Let xye[u];
then 7(xy)>7 or fi(xy)+7 >[1,1]- Assume that fz(xy)>7,then
by (de)
rmin{z(x), 4(y)} = rmin{z(xy),[0.5,0.5]}
> rmin{z,[0.5,0.5]}
B 7, if 1 <[0.5,0.5],
- {[0.5,0.5] >[L11-7, if 7 >[0.5,0.5],
so that x,ye ﬁ? wo(i; ?) = [/7]7 Next we suppose that
H(xy)+1 >[1,1]and 7 >[0.5,0.5], and from (ds) we have
rmin{z(x), #(y)} = rmin{z(xy),[0.5,0.5]}
B {[0.5,0.5] >[L1]1-7, if  m(xy)=[0.5,0.
| Ee) > L7, if Hi(x) <[0.5,0.
and thus x,y e Q(ﬁ;?) clul- If 7 <[0.5,0.5], then
rmin{z(x), 4(y)} 2 rmin{z(xy),[0.5,0.5]}
> rmin{[1,1]-7,[0.5,0.5]}
=[0.5,0.5]
>7,
andso x,ye ﬁ? c [/7]7 Consequently, [ﬁ]T is a filter of S'.

Conversely, suppose that for all 7 ¢ D(0,1], the set [ﬂ]? (#¢)
is a filter of §. If there exist X Vo €S with X0 < Vo such that
Ji(yy) < rmin{fi(x,).0.5,0.5]}- then
L(y,) <1y < rmin{fi(x,),[0.5,0.5]} for some 7 e D(0,0.5]. It
follows that x;, eﬁ% g[ﬁ]% and so X, e[;j]%. Thus 7i(xy) > t~0
or Ji(xg)+7 >[L1]- Since y, > x, €[], and for §, € D(0,0.5]
, [ﬁ]tN is a filter, we have Yo € [ﬁ]% Hence ﬁ(yo) 2?0 or
F(v) +1o > [L1] a
ﬁ(y)Zrmin{ﬁ(x),[O.S,O.S]} for all x,y with x<y. If there
exist g,be S such that [(ab)<rmin{z(a),u(b),[0.5,0.5]} -
fi(ab) < t, < rmin{fi(a),(b),[0.5,0.5]}
1 € D(0,0.5]. Hence a,beﬁZ Q[,ﬁ]g and so a’be['ﬁ]ﬁ but

contradiction. Hence

then for some

ab<e ﬂﬁ and gp € Q(ﬂ,?l) ie, ghbe [ﬂ]ﬁ’ a contradiction. Hence
Fi(xy) = rmin {Zi(x), f(»).[0.5,0.5]} for all x,ye . Finally, if

there exist c,deS such that
rmin{fi(c), fi(d)} < rmin{zi(cd),[0.5,0.5]} then
rmin{fi(c),#(d)} < t, < rmin{ji(cd),[0.5,0.5]}  for  some

1, € D(0,0.5]- Hence ¢d e ﬁtz c [/7]72 It follows that ¢d e [ﬁ]z}
and hence ¢,d E[ﬂ]?z Thus  i(c) > ?2 or ﬁ(c)-HNz >[1,1] and
id)=7 o fid)+h > a Ths
rmin{z(x), z(y)} > rmin{z(xy),[0.5,0.5]} for all

Thus /7 is an interval valued (e, € vq)-fuzzy filter of §.

or contradiction.

x,yeSs.

In (28], Yuan, Zhang and Ren gave the definition of a fuzzy
subgroup with thresholds which is a generalization of Rosenfeld's
fuzzy subgroup, and Bhakat and Das's fuzzy subgroup. Based on that
definition (28], we extended the concept of a fuzzy subgroup with
thresholds to the concept of an interval valued fuzzy filter with
thresholds as follows.

Definition 4.12. Let 7§ e D[0,1] and 7 <5 . Let z be an
interval valued fuzzy subset of an ordered semigroup S. Then 7 is
called an interval valued fuzzy filter with thresholds (7 5] of § ifit

satisfies the following assertions:
(en) (Vx,y €8) rmax{f(y),7}=>rmin{z(x),s} with x<y

(e2) (Vx,y€S) rmax{fi(xy),7} > rmin{u(x),(y),s}

(e3) (Vx,y €8) rmax{g(x), i(y),7} > rmin{zi(xy),s}
If z is an interval valued fuzzy filter of § with thresholds of §,

then we concluded that / is an ordinary interval valued fuzzy filter
when 7 =[0,0], s =[L,1] and z is an interval valued (e,evq)-
fuzzy filter when F:[O)O], §=[0_5,0_5]. Now, we characterize
interval valued fuzzy filters with thresholds (7, E] of §, by their level

filters.
Theorem 4.13. An interval valued fuzzy subset z; of an ordered

semigroup § is an interval valued fuzzy filter with thresholds (,57]
of § if and only if ﬁ? (#¢) is a filter of § forall 7 e D(F’E].

Proof. Let z; be an interval valued fuzzy filter with thresholds
(F’E] of Sand 7 e D(F’E] Let x,ye S with x<y.Let xe ﬁ'f
, then ﬁ(x) > 7 and from (e;) of Definition 4.12, it follows that
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rmax{z(y),7} = rmin{z(x),s}
>rmin{f,5}
>7>7F,
So Ji(y)>7 and hence y e - Let x,y € iz, then [i(x)> ra
, and by (ez), we have
rmax {£1(xy),r } = rmin{zi(x), 4(y),s }
>rmin{f,5}
>F>7,
and hence fi(xy) > T, implies that Xy € ﬁ?' For xye ﬁ?’ we
have fi(xy)>7 and by (es), it follows that
rmax {£1(x), A(y),r} = rmin{z(xy),s}
>rmin{f,5}
> >7
andso i(x)>7, ji(y)>7 thatis, x,ye e
Conversely, let ;i be an interval valued fuzzy subset of S such

that i (= ¢) is a filter of § for all t € D(7,5] If there exist

x,yes with x<y such that
rmax {f1(y),7} < rmin{i(x),s} = ,then t e D(F,5)
() <7 and X € Ji7. Since y>xe gy and g is a filter of §,

we have Then ﬁ(y)z?, a contradiction. Hence

V€l
rmax {£(x), 4(y),r} = rmin{z(xy),s} for all x,yeS with
x < y.Ifthere exist x,y e S such that

rmax {fi(xy),7} < rmin{fi(x),2(y),5} =1,
then 7 e D(?,E], ﬁ(xy) <7 and Xy € ﬁ’ yy € ﬁ Since ﬁ;
is a filter of § and x; € /7’ vr eﬁ, we  have

(W)min{? 7 =(xy); eﬁ, then /7(30/) > 7, a contradiction. Hence
rmax{ﬁ(xy),?} Zrmm{ﬁ(x),ﬁ(y)j} for all X,y e S. Ina
similar way we can prove that
rmax {£(x),f(y),r} 2 rminf{zi(xy),s}  for all x yeS.
Therefore ;i is a fuzzy filter of .

Remark 4.14.

(1). By Definition 4.12, we have the following conclusion: if z; is
an interval valued fuzzy filter with thresholds (7,§] of §, then we
have:

(i) g is an ordinary interval valued fuzzy filter when

7 =[0,0], s’ =[L1],
(i) g is an interval valued (g,evq)-fuzzy filter when
7 =[0,0], s =[0.5,0.5]-

(2). By Definition 4.12, we can define other kinds of interval valued

fuzzy filters of ', such as interval valued fuzzy filter with thresholds

([0.5,0.51,[0.6,0.6]] and ([0.4,0.4],[0.8,0.8]] of S, etc.

(3). However, the interval valued fuzzy filters with thresholds of §
may not be an ordinary interval valued fuzzy filter and may not be an
interval valued (e,ev(q)-fuzzy filter as shown in the following

example:
Example 4.15. Consider the ordered semigroup as given in

Example 4.2 and define an interval valued fuzzy subset f as follows:
N a b c d e
H(x)=

[0.6,0.7] [0.4,0.5] [0.3,0.4] [0.7,0.8] [0.8,0.9]

O

Then
S, if  [0,0]<7 <[0.3,0.4],
{a,d,e}, if [0.5,0.6]<7 <[0.6,0.7],
=1 {a,d,e,f}, if [0.4,0.5]<7 <[0.5,0.6],
{a,b,d,e, [}, if [0.3,0.4]<7 <[0.4,0.5],
é, if  [0.8,09]<7 <[1,1].

Thus, z is an interval valeud fuzzy filter with thresholds
([0.5,0.6],[0.6,0.7]] of S but not an interval valued fuzzy filter and
an interval valued (g,e vq)-fuzzy filter of §.
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